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Matrix transformationsAbstract In the present paper, by deﬁning the notion of Ak-almost nullity and Ak-almost conver-
gence of sequences we introduce the spaces Akðf0Þ and Akð fÞ of Ak-almost null and Ak-almost
convergent sequences. Moreover, we establish some inclusion relations concerning with those
spaces and determine the alpha-, beta- and gamma-duals of the space AkðfÞ. Finally, two basic
results on the characterization of the classes ðAkð fÞ : lÞ and ðl : Akð fÞÞ of inﬁnite matrices are
given, and the characterizations of some other classes are also derived as an application of those
main results, where l is any given sequence space.
2010 MATHEMATICS SUBJECT CLASSIFICATION: 46A45; 40C05
ª 2014 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.1. Introduction
We denote the set of all sequences of complex terms by x. Any
vector subspace of x is called a sequence space. We write ‘1; c
and c0 for the spaces of all bounded, convergent and null
sequences, respectively. A sequence space l is called an FK-
space if it is a complete linear metric space with continuous
coordinates pn : l! C with pnðxÞ ¼ xn for all x ¼ ðxnÞ 2 l
and every n 2 N, where C denotes the complex ﬁeld andN ¼ f0; 1; 2; . . .g. A normed FK-spaces is called a BK-space,
that is, a BK-space is a Banach space with continuous coordi-
nates. The sequence spaces ‘1; c and c0 are BK-spaces with the
usual sup-norm deﬁned by kxk1 ¼ supk2Njxkj.
The shift operator P is deﬁned on x by ðPxÞn ¼ xnþ1 for all
n 2 N. A Banach limit L is deﬁned on ‘1, as a non-negative
linear functional, such that LðPxÞ ¼ LðxÞ and LðeÞ ¼ 1, where
e ¼ ð1; 1; 1; . . .Þ. A sequence x ¼ ðxkÞ 2 ‘1 is said to be almost
convergent to the generalized limit l if all Banach limits of x
are l, and is denoted by f lim xk ¼ l. Lorentz [1] proved that
f lim xk ¼ l if and only if lim
m!1
Xm
k¼0
xnþk
mþ 1 ¼ l uniformly in n:
It is well-known that a convergent sequence is almost conver-
gent such that its ordinary and generalized limits are equal. By
f0 and f, we denote the space of all almost null and all almost
convergent sequences, that is,
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m!1
Xm
k¼0
xnþk
mþ1¼ 0 uniformly in n
( )
;
f :¼ x¼ðxkÞ 2x : 9l2C3 lim
m!1
Xm
k¼0
xnþk
mþ1¼ l uniformly in n
( )
:
Let l and m be two sequence spaces, and A ¼ ðankÞ be an
inﬁnite matrix of complex numbers ank, where k; n 2 N. Then,
we say that A deﬁnes a matrix mapping from l into m, and we
denote it by writing A : l! m if for every sequence
x ¼ ðxkÞ 2 l, the sequence Ax ¼ fðAxÞng, the A-transform of
x, is in m; where
ðAxÞn ¼
X
k
ankxk for each n 2 N: ð1:1Þ
For simplicity in notation, here and in what follows, the sum-
mation without limits runs from 0 to 1. By ðl : mÞ, we denote
the class of all matrices A such that A : l! m. Thus,
A 2 ðl : mÞ if and only if the series on the right side of (1.1)
converges for each n 2 N and each x 2 l, and we have
Ax ¼ fðAxÞngn2N 2 m for all x 2 l. A sequence x is said to be
A-summable to l if Ax converges to l which is called the A-limit
of x. Also by ðl : m; pÞ, we denote the subset of ðl : mÞ for which
the limits or sums are preserved whenever there is a limit or
sum on the spaces l and m. The matrix domain lA of an inﬁnite
matrix A in a sequence space l is deﬁned by
lA ¼ fx ¼ ðxkÞ 2 x : Ax 2 lg ð1:2Þ
which is a sequence space.
The rest of this paper is organized, as follows:
In Section 2, by constructing the matrix Ak via the strictly
increasing sequence k ¼ ðkkÞ of positive reals tending to inﬁn-
ity, the required terminology concerning with Ak-summability
is given. Section 3 is devoted to the spaces Akðf0Þ and AkðfÞ of
Ak-almost null and Ak-almost convergent sequences and inclu-
sion relations concerning with them. In Section 4, the alpha-,
beta- and gamma-duals of the space AkðfÞ are determined. In
Section 5, the classes ðAkðfÞ : lÞ and ðl : AkðfÞÞ of matrix trans-
formations are characterized and the characterizations of some
other classes are also derived as an application of those main
results, where l is any given sequence space. In the ﬁnal section
of the paper, we note the signiﬁcance of the present results in
the literature related with the domain of certain triangle matri-
ces on the spaces f0 and f of almost null and almost convergent
sequences and record some further suggestions.
2. Notation of Ak summability
In this section, we deﬁne the matrix Ak ¼ fankðkÞg and give
short knowledge on Ak-summability.
Throughout this paper, let k ¼ ðkkÞ be a strictly increasing
sequence of positive reals tending to inﬁnity, that is
0 < k0 < k1 < k2 <    and lim
k!1
kk ¼ 1:
We deﬁne the matrix Ak ¼ fankðkÞg by
ankðkÞ ¼
kk2kk1þkk2
knkn1 ; 0 6 k 6 n;
0; k > n;
(
for all k; n 2 N.Braha and Basar [2] introduced the spaces Akðc0Þ,
AkðcÞ; Akð‘1Þ of Ak-null, Ak-convergent and Ak-bounded
sequences, respectively, that is to say that
Akðc0Þ ¼ fx ¼ ðxkÞ 2 x : lim
n!1
ðAkxÞn ¼ 0g
AkðcÞ ¼ fx ¼ ðxkÞ 2 x : 9l 2 C 3 lim
n!1
ðAkxÞn ¼ lg
Akð‘1Þ ¼ fx ¼ ðxkÞ 2 x : sup
n2N
jðAkxÞnj < 1g:
It is trivial that the sequence spaces Akðc0Þ, AkðcÞ and Akð‘1Þ
are the domain of the matrix Ak in the classical sequence
spaces c0, c and ‘1, respectively.
Now, let x ¼ ðxkÞ 2 x and nP 1. Then, we derive that
xn  ðAkxÞn ¼
1
kn  kn1
Xn
k¼0
ðkk  2kk1 þ kk2Þðxn  xkÞ
¼ 1
kn  kn1
Xn1
k¼0
ðkk  2kk1 þ kk2Þðxn  xkÞ
¼ 1
kn  kn1
Xn1
k¼0
ðkk  2kk1 þ kk2Þ
Xn
j¼kþ1
ðxj  xj1Þ
¼ 1
kn  kn1
Xn
j¼1
ðxj  xj1Þ
Xj1
k¼0
ðkk  2kk1 þ kk2Þ
¼ 1
kn  kn1
Xn
j¼1
ðkj1  kj2Þðxj  xj1Þ:
Therefore, we have for every x ¼ ðxkÞ 2 x that
xn  ðAkxÞn ¼ ðSxÞn for all n 2 N; ð2:1Þ
where the sequence Sx ¼ fðSxÞng1n¼0 is deﬁned by
ðSxÞn :¼
1
knkn1
Pn
k¼1ðkk1  kk2Þðxk  xk1Þ; nP 1;
0; n ¼ 0:

It is easy to see that T : ‘1 ! ‘1, Tx ¼ Akx, is a bounded lin-
ear operator with the norm kTk ¼ 1.
Theorem 2.1. Let f lim xn ¼ a for x ¼ ðxnÞ 2 x with a 2 C.
Then, f lim ðAkxÞn ¼ a holds if and only if Sx 2 f0.
Proof. Suppose that f lim xn ¼ f lim ðAkxÞn ¼ a.
Therefore, we have from (2.1) that the equality
1
mþ 1
Xm
k¼0
½xnþk  ðAkxÞnþk ¼
1
mþ 1
Xm
k¼0
ðSxÞnþk ð2:2Þ
holds for all m; n 2 N. Then, one can see by letting m !1
uniformly in n that the left hand side of (2.2) tends to zero
which gives that
lim
m!1
1
mþ 1
Xm
k¼0
ðSxÞnþk ¼ 0 uniformly in n:
That is to say that Sx 2 f0.
Conversely, suppose that Sx 2 f0 and let f lim
m!1 xn ¼ a.
Then, we obtain by taking limit in the equality (2.2) that
lim
m!1
1
mþ 1
Xm
k¼0
½xnþk  ðAkxÞnþk ¼ 0:
This leads us to the desired result that
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m!1
1
mþ 1
Xm
k¼0
xnþk ¼ lim
m!1
1
mþ 1
Xm
k¼0
ðAkxÞnþk ¼ a:
This completes the proof. h3. The spaces of Ak-almost null and Ak-almost convergent
sequences
We introduce the spaces Akðf0Þ and Akð fÞ as the sets of all
Ak-almost null and Ak-almost convergent sequences, respec-
tively. That is,Akðf0Þ :¼ x ¼ ðxkÞ 2 x : lim
m!1
1
mþ 1
Xm
k¼0
ðAkxÞnþk ¼ 0 uniformly in n
( )
;
Akð fÞ :¼ x ¼ ðxkÞ 2 x : 9l 2 C 3 lim
m!1
1
mþ 1
Xm
k¼0
ðAkxÞnþk ¼ l uniformly in n
( )
:With the notation of (1.2), we can redeﬁne the spaces Akðf0Þ
and Akð fÞ as the matrix domain of triangle Ak in the spaces
f0 and f, respectively.
Let us deﬁne the sequence y ¼ ðynÞ by the Ak-transform of a
sequence x ¼ ðxkÞ, i.e.,
yn ¼ ðAkxÞn ¼
1
kn  kn1
Xn
k¼0
ðkk  2kk1 þ kk2Þxk ð3:1Þ
for all n 2 N. Here and after, we suppose that the terms of the
sequences x ¼ ðxkÞ and y ¼ ðykÞ are connected with the rela-
tion (3.1).
Theorem 3.1. The sequence spaces Akðf0Þ and Akð fÞ are
BK-spaces with the same norm given by
kxkAkð f Þ ¼ kAkxkf ¼ sup
m;n2N
jtmnðAkxÞj; ð3:2Þ
where
tmnðAkxÞ ¼ 1
mþ 1
Xm
j¼0
ðAkxÞnþj
¼ 1
mþ 1
Xm
j¼0
Xnþj
k¼0
kk  2kk1 þ kk2
knþj  knþj1 xk for all m;n 2N:
Proof. f0 and f endowed with the norm k  k1 are BK-spaces
(Boos [3, Example 7.3.2 (b)]) and Ak is a triangle matrix, The-
orem 4.3.2 of Wilansky [4, p. 61] gives the fact that Akðf0Þ and
Akð fÞ are BK-spaces with the norm k  kAkð f Þ. h
Remark 3.2. It can easily be seen that the absolute property
does not hold on the spaces Akð f Þ and Akð f0Þ, that is
kxkAkð f Þ–kjxjkAkð f Þ for at least one sequence x in each of these
spaces, where jxj ¼ ðjxkjÞ. Thus, the spaces Akð f Þ and Akð f0Þ
are BK-spaces of non-absolute type.Theorem 3.3. The sequence spaces Akð f0Þ and Akð f Þ are norm
isomorphic to the spaces f and f0, respectively, that is,
Akðf0Þ ﬃ f0 and Akð fÞ ﬃ f.
Proof. Since the fact Akð f0Þ ﬃ f0 can be similarly proved, we
consider only the case Akð f Þ ﬃ f. To prove this, we should
show the existence of a linear bijection between the spaces
Akð f Þ and f which preserves the norm. Consider the transfor-
mation T deﬁned, with the notation of (3.1), from Akð f Þ to f
by x#y ¼ Tx ¼ Akx. The linearity of T is clear. Further, it
is trivial that x ¼ h whenever Tx ¼ h and hence T is injective.Let us take any y ¼ ðykÞ 2 f and deﬁne the sequence
x ¼ ðxkÞ by
xk :¼
Xk
j¼k1
ð1Þkj ðkj  kj1Þ
kk  2kk1 þ kk2 yj for all k 2 N: ð3:3Þ
Then, it is immediate thatXnþj
k¼0
kk  2kk1 þ kk2
knþj  knþj1 xk ¼
Xnþj
k¼0
ðkk  kk1Þyk  ðkk1  kk2Þyk1
knþj  knþj1
¼ ynþj
which gives by a short calculation that
1
mþ 1
Xm
j¼0
Xnþj
k¼0
kk  2kk1 þ kk2
knþj  knþj1 xk ¼
1
mþ 1
Xm
j¼0
ynþj:
Therefore, we have
lim
m!1
1
mþ1
Xm
j¼0
ðAkxÞnþj¼ limm!1
1
mþ1
Xm
j¼0
ynþj¼ l uniformly in n:
This means that x 2 Akð fÞ and hence T is surjective. Thus, one
can easily see from (3.2) that T is a norm preserving transfor-
mation. This completes the proof. h
It is known from Corollary 3.3 of Basar and Kirisc¸i [5] that
the Banach space f has no Schauder basis. It is also known
from Theorem 2.3 of Jarrah and Malkowsky [6] that the do-
main kA of a matrix A in a normed sequence space k has a basis
if and only if k has a basis whenever A ¼ ðankÞ is a triangle.
Combining these two facts one can immediately conclude that
both the space Akð fÞ and the space Akðf0Þ have no Schauder
basis.
Deﬁnition 3.4 (Petersen [7, Theorem 3.2.2]). A regular matrix
A ¼ ðankÞ is strongly regular if and only if it is translative, that
is,
P
kjank  an;kþ1j ! 0, as n !1.
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hold. Furthermore, the equalities f0 ¼ Akðf0Þ and f ¼ Akð fÞ hold if
and only if Sx 2 f0 for every x in the spaces Akð fÞ and Akðf0Þ,
respectively.
Proof. We take a sequence x ¼ ðxkÞ in the space f. Since
Ak ¼ fankðkÞg is strongly regular, Akx 2 f which implies that
x 2 Akð fÞ. Therefore, the inclusion f  Akð fÞ holds. Moreover,
consider the sequence x ¼ ðxkÞ deﬁned by
xk :¼ ð1Þk kk  kk2kk  2kk1 þ kk2 for all k 2 N: ð3:4Þ
It is immediate that x R f because x R ‘1 butlim
m!1
1
mþ 1
Xm
j¼0
ðAkxÞnþj ¼ lim
m!1
1
mþ 1
Xm
j¼0
Xnþj
k¼0
ð1Þkðkk þ kk1Þ þ ð1Þk1ðkk1 þ kk2Þ
knþj  knþj1
¼ lim
m!1
1
mþ 1
Xm
j¼0
ð1Þnþj
¼ lim
m!1
ð1Þn
mþ 1
1þ ð1Þm
2
 
¼ 0;i.e., Akx 2 f so x 2 Akð fÞ. Hence, x 2 Akð fÞ n f. For the second
part, we take x 2 Akð fÞ and Sx 2 f0. Therefore,
lim
m!1
1
mþ 1
Xm
k¼0
ðSxÞnþk ¼ 0:
Then, we have from (2.1) that
lim
m!1
1
mþ 1
Xm
k¼0
½xnþk  ðAkxÞnþk ¼ 0
which yields that
lim
m!1
1
mþ 1
Xm
k¼0
xnþk ¼ lim
m!1
1
mþ 1
Xm
k¼0
ðAkxÞnþk
¼ l uniformly in n;
i.e., Akð fÞ  f. Therefore, by combining the inclusions
Akð fÞ  f and f  Akð fÞ, we obtain the equality f ¼ Akð fÞ.
Conversely, suppose that the equality f ¼ Akð fÞ holds.
Then, Sx 2 f0 for x 2 Akð fÞ by Theorem 2.1.
Since one can observe by the similar way that the
corresponding results also holds for the space Akðf0Þ, to avoid
the repetition of the similar statements, we omit the details.
This completes the proof. h
Theorem 3.6. The inclusion Akðf0Þ  Akð fÞ strictly holds.
Proof. Take a sequence x ¼ ðxkÞ in the space Akðf0Þ. Then, we
have Akx 2 f0. Since f0  f, we have Akx 2 f, that is, x 2 Akð fÞ.
Therefore, the inclusion Akðf0Þ  Akð fÞ holds. Now, consider
the sequence x ¼ ðxkÞ in the space Akð fÞ deﬁned by xk :¼ 1
for all k 2 N. Then,
lim
m!1
1
mþ 1
Xm
j¼0
Xnþj
k¼0
kk  2kk1 þ kk2
knþj  knþj1 xk ¼ 1– 0:So, x 2 Akð fÞ n Akðf0Þ, i.e., the inclusion Akðf0Þ  Akð fÞ is
strict. This step completes the proof. h
Theorem 3.7. The inclusions AkðcÞ  Akð fÞ  Akð‘1Þ strictly
hold.
Proof. Take a sequence x ¼ ðxkÞ in AkðcÞ. Then, Akx 2 c and
the inclusion c  f holds, we thus have Akx 2 f, that is,
x 2 Akð fÞ. Hence, the inclusion AkðcÞ  Akð fÞ holds. Now,
reconsider the sequence x ¼ ðxkÞ deﬁned by (3.4). Therefore,
we haveðAkxÞn ¼
Xn
k¼0
ð1Þk kk  kk2
kn  kn1 ¼ ð1Þ
n
for all n 2 N
which shows that Akx R c, that is x R AkðcÞ but it is known
from the proof of Theorem 3.5 that x 2 Akð fÞ. So, the inclu-
sion AkðcÞ  Akð fÞ strictly holds.
Now we establish the second inclusion. Let
y ¼ ðykÞ 2 Akð fÞ. Then, since Aky 2 f and f  ‘1, we have
Aky 2 ‘1. Therefore the inclusion Akð fÞ  Akð‘1Þ holds.
Now, consider the sequence z deﬁned via the sequence y by
y :¼ Akz, where y :¼ ð0; 0; 0; . . . ; 1; . . . ; 1; 0; . . . 0; . . .Þ deﬁned
by Miller and Orhan [8] belonging to the set ‘1 n f, where the
blocks of 0’s are increasing by factors of 100 and the blocks of
1’s are increasing by factors of 10. Then, z belongs to the space
Akð‘1Þ but not in the space Akð fÞ, i.e., z 2 Akð‘1Þ n Akð fÞ.
This means that the inclusion Akð fÞ  Akð‘1Þ is strict. h4. The alpha-, beta- and gamma-duals of the space Akð fÞ
In this section, we determine the alpha-, beta- and gamma-
duals of the space Akð fÞ.
The a-, b- and c-duals la, lb and lc of a sequence space l
are deﬁned as follows;
la ¼ fx ¼ ðxkÞ 2 x : xy ¼ ðxkykÞ 2 ‘1 for all y ¼ ðykÞ 2 lg;
lb ¼ fx ¼ ðxkÞ 2 x : xy ¼ ðxkykÞ 2 cs for all y ¼ ðykÞ 2 lg;
lc ¼ fx ¼ ðxkÞ 2 x : xy ¼ ðxkykÞ 2 bs for all y ¼ ðykÞ 2 lg:
We begin with the following lemma:
Lemma 4.1. (Kampthan and Gupta [9, Exercise 2.5 (i)]) Let
l; m be the sequence spaces and n 2 fa; b; cg. If l  m, then
mn  ln.
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deﬁned by
a1ðkÞ ¼ a ¼ ðakÞ 2 x :
X1
k¼0
kk  kk1
kk  2kk1 þ kk2 jakj < 1
( )
:
Proof. The inclusions AkðcÞ  Akð fÞ  Akð‘1Þ hold by Theo-
rem 3.7. It is known by Theorem 17 of Braha and Basar [2]
that the a-dual of the space AkðcÞ and Akð‘1Þ is the set
a1ðkÞ. Combining this fact with the inclusions
fAkð‘1Þga  fAkðfga  fAkðcÞga obtained by Lemma 4.1,
one concludes that fAkð fÞga ¼ a1ðkÞ. This completes the
proof. h
Lemma 4.3. A ¼ ðankÞ 2 ðf : ‘1Þ if and only if
sup
n2N
X
k
jankj < 1: ð4:1Þ
Theorem 4.4. The c-dual of the space Akð fÞ is the set d1 \ d2,
where
d1 :¼ a¼ðakÞ 2x : sup
n2N
Xn1
k¼0
D
ak
kk2kk1þkk2
 
ðkkkk1Þ
 <1
( )
;
d2 :¼ a¼ðakÞ 2x : an knkn1kn2kn1þkn2
 
2 ‘1
 
:
Proof. Take any a ¼ ðakÞ 2 x and reconsider x ¼ ðxkÞ deﬁned
by (3.3). Then, we have
Xn
k¼0
akxk ¼
Xn
k¼0
ak
Xk
j¼k1
ð1Þkj ðkjkj1Þ
kk2kk1þkk2 yj
" #
¼
Xn1
k¼0
D
ak
kk2kk1þkk2
 
ðkkkk1Þykþ
anðknkn1Þ
kn2kn1þkn2 yn
¼ðByÞn for all n2N; ð4:2Þ
where B ¼ ðbnkÞ is deﬁned by
bnk ¼
D akkk2kk1þkk2
	 

ðkk  kk1Þ; 0 6 k 6 n 1;
anðkn  kn1Þ=ðkn  2kn1 þ kn2Þ; k ¼ n;
0; k > n
8>><>:
ð4:3Þ
for all k; n 2 N. Thus, we deduce from (4.2) that
ax ¼ ðakxkÞ 2 bs whenever x ¼ ðxkÞ 2 AkðfÞ if and only if
By 2 ‘1 whenever y ¼ ðykÞ 2 f, where B ¼ ðbnkÞ is deﬁned by
(4.3). Therefore, we obtain from Lemma 4.3 that
fAkðfÞgc ¼ d1 \ d2.
This completes the proof. h
Lemma 4.5. (Sıddıqi [10]) A ¼ ðankÞ 2 ðf : cÞ if and only if (4.1)
holds and there are ak; a 2 C such thatlim
n!1
ank ¼ ak for all k 2 N ð4:4Þ
lim
n!1
X
k
ank ¼ a ð4:5Þ
lim
n!1
X
k
jDðank  akÞj ¼ 0: ð4:6Þ
Theorem 4.6. Deﬁne the sets d3; d4 and d5 by
d3¼ a¼ðakÞ 2x : akkk2kk1þkk2 ðkkkk1Þ
 
2 c
 
;
d4¼ a¼ðakÞ 2x : lim
n!1
Xn1
k¼0
D
ak
kk2kk1þkk2
 
ðkkkk1Þ exists
( )
;
d5¼ a¼ðakÞ 2x : D0 D akkk2kk1þkk2
 
ðkkkk1Þ
   2 cs :
Then, fAkð fÞgb ¼ \5i¼1di.
Proof. Let us take any a ¼ ðakÞ 2 x. It is easily seen from (4.2)
that ax ¼ ðakxkÞ 2 cs whenever x ¼ ðxkÞ 2 Akð fÞ if and only if
By 2 c whenever y ¼ ðykÞ 2 f, that is, ðakÞ 2 fAkð fÞgb if and
only if B 2 ðf : cÞ. Therefore, we derive from Lemma 4.5 that
fAkð fÞgb ¼ \5i¼1di which completes the proof. h5. Some matrix transformations related to the sequence space
Akð fÞ
In the present section, we characterize the matrix transforma-
tions from the space AkðfÞ into any given sequence space l and
from a given sequence space l into the space AkðfÞ. Since
lA ﬃ l for any triangle A and any sequence space l, it is trivial
that the equivalence ‘‘x 2 lA if and only if y ¼ Ax 2 l’’ holds.
Now, we may give the following theorem:
Theorem 5.1. Suppose that the entries of the inﬁnite matrices
A ¼ ðankÞ and F ¼ ðfnkÞ are connected with the relation
fnk :¼ D ankkk  2kk1 þ kk2
 
ðkk  kk1Þ ð5:1Þ
for all k; n 2 N and l be any given sequence space. Then,
A 2 ðAkð fÞ : lÞ if and only if fankgk2N 2 fAkð fÞgb for all
n 2 N and F 2 ðf : lÞ.
Proof. Let l be any given sequence space. Suppose that (5.1)
holds between the entries of the matrices A ¼ ðankÞ and
F ¼ ðfnkÞ, and take into account that the spaces Akð fÞ and f
are norm isomorphic.
Let A 2 ðAkð fÞ : lÞ and take any y 2 f. Then,
ðFAkÞnk ¼
Xn
i¼k
fniaikðkÞ ¼ ank;
i.e., FAk exists and fankgk2N 2 fAkð fÞgb which yields that
ffnkgk2N 2 ‘1 for each n 2 N. Hence, Fy exists and thusX
k
fnkyk ¼
X
k
D
ank
kk  2kk1 þ kk2
 
ðkk  kk1Þ
 

Xk
i¼0
ki  2ki1 þ ki2
kk  kk1 xi
 !
¼
X
k
ankxk:
124 M. Yesilkayagil, F. Basarfor all n 2 N. So, we have that Fy ¼ Ax, which leads us to the
consequence F 2 ðf : lÞ.
Conversely, let fankgk2N 2 fAkð fÞgb for each n 2 N and
F 2 ðf : lÞ, and take x ¼ ðxkÞ 2 Akð fÞ. Then, Ax exists.
Therefore, we obtain from the equality
X
k
ankxk ¼
X
k
D
ank
kk  2kk1 þ kk2
 
ðkk  kk1Þyk
for all n 2 N that Ax ¼ Fy and this shows that A 2 ðAkð fÞ : lÞ.
This completes the proof. h
By changing the roles of the spaces Akð fÞ with l in Theo-
rem 5.1, we have:
Theorem 5.2. Suppose that l be any given sequence space and
the entries of the inﬁnite matrices A ¼ ðankÞ and E ¼ ðenkÞ are
connected with the relation
enk ¼
Xn
j¼0
kj  2kj1 þ kj2
kn  kn1 ajk;
for all n 2 N. Then, A 2 ðl : Akð fÞÞ if and only if E 2 ðl : fÞ.
Proof. Let x ¼ ðxkÞ 2 l and consider the following equality
Xn
j¼0
kj  2kj1 þ kj2
kn  kn1
Xj
k¼0
ajkxk
¼
Xj
k¼0
Xn
j¼0
kj  2kj1 þ kj2
kn  kn1 ajkxk ¼
Xj
k¼0
enkxk; ð5:2Þ
for all n 2 N. Therefore, one can obtain from (5.2) by letting
j !1 thatXn
j¼0
kj  2kj1 þ kj2
kn  kn1
X1
k¼0
ajkxk ¼
X1
k¼0
enkxk;
for all n2N. Then, we have fAkðAxÞgn¼ðExÞn for all n2N. Since
Ax 2AkðfÞ; AkðAxÞ ¼ Ex 2 f. This completes the proof. h
Of course, Theorems 5.1 and 5.2 have several consequences
depending on the choice of the sequence space l. Deﬁne
aðn; kÞ; aðn; k;mÞ and Dank for all k;m; n 2 N as follows;
aðn; kÞ :¼
Xn
j¼0
ajk; aðn; k;mÞ :¼ 1
mþ 1
Xm
j¼0
anþj;k and Dank :
¼ ank  an;kþ1:
Prior to giving some results as an application of this idea,
we give the following basic lemma, which is the collection of
the characterizations of matrix transformations related to
almost convergence:
Lemma 5.3. Let A ¼ ðankÞ be an inﬁnite matrix. Then, the
following statements hold:
(i) (Duran [11]) A ¼ ðankÞ 2 ð‘1 : f Þ if and only if (4.1)
holds and
9ak 2 C 3 f lim ank ¼ ak for all k 2 N ð5:3Þ
9ak 2 C 3 lim
m!1
X
k
jaðn; k;mÞ  akj ¼ 0 uniformly in n ð5:4Þ
also hold.(ii) (Duran [11]) A ¼ ðankÞ 2 ðf : f Þ if and only if (4.1) and
(5.3) hold, and
9a 2 C 3 f lim
X
k
ank ¼ a ð5:5Þ
9ak 2 C 3 lim
m!1
X
k
jD½aðn; k;mÞ  akj ¼ 0 uniformly in n ð5:6Þ
also hold.
(iii) (King [12]) A ¼ ðankÞ 2 ðc : f Þ if and only if (4.1), (5.3)
and (5.5) hold.
(iv) (Basar and C¸olak [13]) A ¼ ðankÞ 2 ðcs : f Þ if and only if
(5.3) holds, and
sup
n2N
X
k
jDankj < 1 ð5:7Þ
also holds.
(v) (Basar and Solak [14]) A ¼ ðankÞ 2 ðbs : f Þ if and only if
(5.3) and (5.7) hold, and
lim
k!1
ank¼ 0 for all n2N; ð5:8Þ
9ak 2C3 lim
q!1
X
k
1
qþ1
Xq
i¼0
D½aðnþ i;kÞak

¼ 0 uniformly in n
ð5:9Þ
also hold.
(vi) (Basar [15]) A ¼ ðankÞ 2 ðf : csÞ if and only if the follow-
ing conditions hold:
sup
n2N
X
k
jaðn; kÞj < 1 ð5:10Þ
9ak 2 C 3
X
n
ank ¼ ak for all k 2 N ð5:11Þ
9a 2 C 3
X
n
X
k
ank ¼ a ð5:12Þ
9ak 2 C 3 lim
n!1
X
k
jD½aðn; kÞ  akj ¼ 0 ð5:13ÞNow, we can give the following two corollaries as a direct
consequence of Theorems 5.1 and 5.2 and Lemma 5.3:
Corollary 5.4. The following statements hold:
(i) A ¼ ðankÞ 2 ðAkðf Þ : ‘1Þ if and only if
fankgk2N 2 fAkðf Þgb and (4.1) holds with fnk instead of
ank .
(ii) A ¼ ðankÞ 2 ðAkðf Þ : cÞ if and only if fankgk2N 2
fAkðf Þgb and (4.1),(4.4),(4.5) and (4.6) hold with fnk
instead of ank .
(iii) A ¼ ðankÞ 2 ðAkðf Þ : bsÞ if and only if fankgk2N 2
fAkðf Þgb and (5.10) holds with fnk instead of ank.
(iv) A ¼ ðankÞ 2 ðAkðf Þ : csÞ if and only if
fankgk2N 2 fAkðf Þgb and (5.10)–(5.12) and (5.13) hold
with fnk instead of ank.
(v) A ¼ ðankÞ 2 ðAkðf Þ : f Þ if and only if fankgk2N 2
fAkðf Þgb and (4.1), (5.3), (5.5) and (5.6) hold with fnk
instead of ank .
Corollary 5.5. The following statements hold:
(i) A ¼ ðankÞ 2 ð‘1 : Akðf ÞÞ if and only if (4.1), (5.3) and
(5.4) hold with enk instead of ank.
Spaces of Ak-almost null and Ak-almost convergent sequences 125(ii) A ¼ ðankÞ 2 ðf : Akðf ÞÞ if and only if (4.1), (5.3), (5.5)
and (5.6) hold with enk instead of ank.
(iii) A ¼ ðankÞ 2 ðc : Akðf ÞÞ if and only if (4.1), (5.3) and (5.5)
hold with enk instead of ank .
(iv) A ¼ ðankÞ 2 ðbs : Akðf ÞÞ if and only if (5.3) and (5.7),
(5.8) and (5.9) hold with enk instead of ank.
(v) A ¼ ðankÞ 2 ðcs : Akðf ÞÞ if and only if (5.3) and (5.7) hold
with enk instead of ank.
Lemma 5.6. [16, Lemma 5.3] Let l; m be any two sequence
spaces, A be an inﬁnite matrix and B a triangle matrix. Then,
A 2 ðl : mBÞ if and only if BA 2 ðl : mÞ.
It is trivial that Lemma 5.6 has several consequences. In-
deed, combining Lemma 5.6 with Parts (i) and (ii) of Corollary
5.4 by choosing B as one of the special triangle matrices
K; Dð1Þ; C1; R
q; Ar or Er, one can easily obtain the following
two corollaries:
Corollary 5.7. Let C ¼ ðcnkÞ be an inﬁnite matrix over the
complex ﬁeld. Then, the following statements hold:
(i) C ¼ ðcnkÞ 2 ðAkðf Þ : cðDÞÞ if and only if
fcnkgk2N 2 fAkðf Þgb for each n 2 N and (4.1), (4.4),
(4.5) and (4.6) hold with dnk instead of ank , where
dnk ¼ cnk  cn1;k for all k; n 2 N and cðDÞ denotes the
space of all sequences x ¼ ðxkÞ such that
ðxk  xk1Þ 2 c, (cf. Basar [21]).
(ii) C ¼ ðcnkÞ 2 ðAkðf Þ : ecÞ if and only if fcnkgk2N 2 fAkðf Þgb
for each n 2 N and (4.1), (4.4), (4.5) and (4.6) hold with
dnk instead of ank , where dnk ¼ cðn; kÞ=ðnþ 1Þ for all
k; n 2 N and ec denotes the space of all sequences
x ¼ ðxkÞ such that
Pn
k¼0
1
nþ1 xk
	 

2 c, (cf. Sengo¨nu¨l and
Basar [22]).
(iii) C ¼ ðcnkÞ 2 ðAkðf Þ : rqcÞ if and only if
fcnkgk2N 2 fAkðf Þgb for each n 2 N and (4.1), (4.4),
(4.5) and (4.6) hold with dnk instead of ank , where
dnk ¼
Pn
j¼0
qj
Qn
cjk for all k; n 2 N and rqc denotes the space
of all sequences x ¼ ðxkÞ such that
Pn
k¼0
qk
Qn
xk
	 

2 c, (cf.
Altay and Basar [18]).
(iv) C ¼ ðcnkÞ 2 ðAkðf Þ : arcÞ if and only if
fcnkgk2N 2 fAkðf Þgb for each n 2 N and (4.1), (4.4),
(4.5) and (4.6) hold with dnk instead of ank , where
dnk ¼
Pn
j¼0
1þrj
1þn cjk for all k; n 2 N and arc denotes the
space of all sequences x ¼ ðxkÞ such thatPn
k¼0
1þrk
1þn xk
	 

2 c, (cf. Aydın and Basar [23]).
(v) C ¼ ðcnkÞ 2 ðAkðf Þ : ercÞ if and only if
fcnkgk2N 2 fAkðf Þgb for each n 2 N and (4.1), (4.4),
(4.5) and (4.6) hold with dnk instead of ank , where
dnk ¼
Pn
j¼0
n
j
 
ð1 rÞnjrjcjk for all k; n 2 N and erc
denotes the space of all sequences x ¼ ðxkÞ such thatPn
k¼0
n
k
 
ð1 rÞnkrkxk
 
2 c, (cf. Altay and Basar
[24]).Corollary 5.8. Let C ¼ ðcnkÞ be an inﬁnite matrix over the com-
plex ﬁeld. Then, the following statements hold:
(i) C ¼ ðcnkÞ 2 ðAkðf Þ : cðDÞÞ if and only if
fcnkgk2N 2 fAkðf Þgb for each n 2 N and (4.1), (4.4),
(4.5) and (4.6) hold with dnk instead of ank , where
dnk ¼ cnk  cn1;k for all k; n 2 N and cðDÞ denotes the
space of all sequences x ¼ ðxkÞ such that
ðxk  xk1Þ 2 c, (cf. Basar [21]).
(ii) C ¼ ðcnkÞ 2 ðAkðf Þ : ecÞ if and only if fcnkgk2N 2
fAkðf Þgb for each n 2 N and (4.1), (4.4), (4.5) and
(4.6) hold with dnk instead of ank , where
dnk ¼ cðn; kÞ=ðnþ 1Þ for all k; n 2 N and ec denotes the
space of all sequences x ¼ ðxkÞ such thatPn
k¼0
1
nþ1 xk
	 

2 c, (cf. Sengo¨nu¨l and Basar [22]).
(iii) C ¼ ðcnkÞ 2 ðAkðf Þ : rqcÞ if and only if fcnkgk2N 2
fAkðf Þgb for each n 2 N and (4.1), (4.4), (4.5) and
(4.6) hold with dnk instead of ank , where dnk ¼
Pn
j¼0
qj
Qn
cjk
for all k; n 2 N and rqc denotes the space of all sequences
x ¼ ðxkÞ such that
Pn
k¼0
qk
Qn
xk
	 

2 c, (cf. Altay and Basar
[18]).
(iv) C ¼ ðcnkÞ 2 ðAkðf Þ : arcÞ if and only if fcnkgk2N 2
fAkðf Þgb for each n 2 N and (4.1), (4.4), (4.5) and
(4.6) hold with dnk instead of ank , where dnk ¼Pn
j¼0
1þrj
1þn cjk for all k; n 2 N and arc denotes the space of
all sequences x ¼ ðxkÞ such that
Pn
k¼0
1þrk
1þn xk
	 

2 c, (cf.
Aydın and Basar [23]).
(v) C ¼ ðcnkÞ 2 ðAkðf Þ : ercÞ if and only if fcnkgk2N 2
fAkðf Þgb for each n 2 N and (4.1), (4.4), (4.5) and
(4.6) hold with dnk instead of ank , where dnk ¼
Pn
j¼0
n
j
 
ð1 rÞnjrjcjk for all k;n2N and erc denotes the
space of all sequences x¼ðxkÞ such thatPn
k¼0
n
k
 
ð1 rÞnkrkxk
 
2 c, (cf. Altay and Basar [24]).
6. Conclusion
In ﬁrst, the domain of the generalized difference matrix Bðr; sÞ
in the spaces f0 and f of almost null and almost convergent se-
quences has been studied by Basar and Kirisc¸i [5]. Later, the
domain of Cesa`ro mean C1 of order one in the spaces f0 and
f with some core theorems has been investigated by Kayadu-
man and Sengo¨nu¨l [25] whose basic results have been general-
ized via Riesz mean Rr by the same authors in [26]. Recently,
the domain of the matrix K in the spaces f0 and f has been
worked by So¨nmez [27]. Quite recently, the domain of the Eu-
ler means Er order r in the spaces f0 and f has been worked by
Kirisci [28]. Since Ak is not comparable by any of the triangle
matrices Bðr; sÞ; C1; Rr; K and Er, our corresponding results
are new and more comprehensive than the results in the exist-
ing literature. It is natural to expect to study on the domain of
some triangle matrices in the paranormed spaces f0ðpÞ and fðpÞ
introduced by Nanda [29], and is an open problem.
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